We investigate the supersymmetric extension of k-field models, in which the scalar field is described by generalized dynamics. We illustrate some results with models that support static solutions with the standard kink or the compact profile. PACS numbers: 11.30.Pb, 11.27.+d Topological defects may have important consequences in a diversity of contexts, in particular in Cosmology, where they appear very naturally through the presence of phase transitions in the early universe [1] . As it is well-known, one of the simplest structures, domain walls, spring from the breaking of discrete symmetry, guided by scalar fields, which will be the main focus of the present work. In this case, in models describing spontaneous breaking of some discrete symmetry, the presence of topological defects in canonical models of scalar fields with standard dynamics, the equations of motion are shown to reduce to firstorder differential equations, with the model being nothing but the bosonic portion of some more general supersymmetric theory. One usually refers to this possibility as the first-order framework, where the topological defects appear as solutions of first-order equations as BPS states, named after the pioneer investigations of Bogomol'nyi, and Prasad and Sommerfield [2] .
We investigate the supersymmetric extension of k-field models, in which the scalar field is described by generalized dynamics. We illustrate some results with models that support static solutions with the standard kink or the compact profile.
PACS numbers: 11.30.Pb, 11.27.+d Topological defects may have important consequences in a diversity of contexts, in particular in Cosmology, where they appear very naturally through the presence of phase transitions in the early universe [1] . As it is well-known, one of the simplest structures, domain walls, spring from the breaking of discrete symmetry, guided by scalar fields, which will be the main focus of the present work. In this case, in models describing spontaneous breaking of some discrete symmetry, the presence of topological defects in canonical models of scalar fields with standard dynamics, the equations of motion are shown to reduce to firstorder differential equations, with the model being nothing but the bosonic portion of some more general supersymmetric theory. One usually refers to this possibility as the first-order framework, where the topological defects appear as solutions of first-order equations as BPS states, named after the pioneer investigations of Bogomol'nyi, and Prasad and Sommerfield [2] .
With the recent discovery that the universe is evolving through an accelerated expansion, models described by scalar fields with non-standard dynamics are being studied in the cosmological context, for instance, as the so-called k-fields, first introduced in the context of inflation [3] and then as k-essence models, suggested to solve the cosmic coincidence problem [4] . We recall that k-inflation [3] has appeared as a way to reconcile the string dilaton with inflation. However, as one knows, supersymmetry is supposed to be unbroken at high energies, so it may affect the inflationary evolution. In this sense, supersymmetric extensions of k-field dynamics seem to be of current interest to the physics at high energy scales.
The case of scalar fields with standard dynamics has been studied in several different contexts, and here we point out a diversity of investigations on the presence of domain walls in supergravity theories -see, e.g., Ref. [5] and references therein. On the other hand, the presence of scalar field models with non-standard dynamics has stimulated several recent investigations, dealing with properties of topological structures in this new scenario [6] [7] [8] [9] [10] [11] [12] . The main issue here is to change the scalar field dynamics from the standard one to some generalized dynamics, also known as k-fields or f (X) models, with X = ∂ µ φ∂ µ φ, to accommodate some distinct possibilities, including the presence of compactons, e.g., of classical static solutions with compact support [13] . In particular, in the works [11] some of us have shown how to describe the presence of defect structures in models described by scalar fields with generalized dynamics within a first-order framework. Thus, since we know that under standard dynamics, the presence of first-order equations in general indicates the bosonic portion of some supersymmetric theory, in the present work we then study supersymmetric extensions of scalar field models with generalized dynamics. The subject is of current interest, since the presence of supersymmetry may ease calculation and may lead us to scenarios compatible with superstring theory. We believe that the idea we explore below may contribute as alternative for the standard inflationary evolution of the early Universe [3, 4] and also, to the domain wall/braneworld scenario [5, 7, 11, 14] .
The search for exact solutions is a very important direction of studies in theoretical physics, and has led to different methods for finding analytical solutions. Among different methods of finding the solutions, special role is played by the first-order framework where the exact solutions are found through the reduction of the equations of motion to appropriate first-order differential equations. This method has been efficiently applied to different field theory models, with direct interest into recent cosmological, gravitational and braneworld issues [14] . These investigations have motivated us to extend the first-order framework to the context of supersymmetric field theory models. The supersymmetry is now treated as a fundamental symmetry of the nature [15] , the perturbative approach for the supersymmetric models is well-developed, both in three- [16] and four-dimensional space-time [17] , therefore the interesting problem is the nonperturbative study of these model, in particular, answering the question whether the known exact solutions of the scalar field theory models admit supersymmetric extensions.
In this work we investigate the supersymmetric extension of scalar field models with generalized dynamics, which we refers to as the k-field models. As we are going to show, models recently investigated in [7, 11] support supersymmetric extensions, which are explicitly constructed below. In particular, we also show that some of the supersymmetric extensions which we construct admit solutions with compact support. In this sense, here we are giving the first step to learn how to bring braneworld with compact support to the supersymmetric environment. Evidently, the existence of structures of compact and non-compact support in k-field models in the presence of supersymmetry is of current interest, since they may contribute to modify the nature of the spacetime in such backgrounds [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] 14] .
To start with, let us introduce the three-dimensional scalar superfield Φ(z) = Φ(x, θ) (the same structure takes place for two-dimensional scalar superfield as well, since spinor representations of the Lorentz group in two-and three-dimensional space-times are similar) [15] :
Its components can be defined as the following projections:
where the sign | denotes that after differentiation the θ α in the expansion of the corresponding superfield are set to zero. Here we use notations of [15] , with the signature diag(− + +).
The simplest example of the superfield action in three-dimensional superspace, that is, the action for the models involving only scalar superfields, has the usual form (cf. [16] ):
where f (Φ) is an arbitrary function of the scalar superfield but not of its derivatives. The case of the complex scalar superfield does not essentially differ.
The component form of this action is defined from the expression
Here we have taken into account that [15] . After straightforward differentiation, this expression is reduced to
The auxiliary field F can be eliminated with use of its equation of motion F = −f φ (φ); this gives
This is the standard case and for f (Φ) = λΦ 4 (this is the highest possible renormalizable self-coupling of the scalar superfield; remind that the mass dimension of Φ is 1/2, as well as of the derivative D α , and the dimension of d 5 z is −2) we get the coupling λφ 6 .
As a first nonstandard and instructive example let us consider the three-dimensional superfield theory with the following superfield action
where Φ is a three-dimensional real scalar superfield defined above, whose components are defined via (2) .
To obtain the bosonic sector of the action (7), we integrate over θ using equivalence between integration over Grassmannian variables and differentiation with respect to them
It is clear that the only term depending on the bosonic components of the superfield Φ is
Indeed, all other terms involve at least one term with only one derivative of Φ, that is, they are fermion dependent. Then, we use the well-known relation
where we used the identities ∂ βα = ∂ µ γ µ βα and tr(γ µ γ ν ) = 2η µν .
We can eliminate the auxiliary field F via its equation of motion
whose solution is F = 0; otherwise, the action would be zero. Thus, we arrive at the action
where X = ∂ µ φ∂ µ φ. We then succeeded to prove that the action (7) represents a supersymmetric extension of the k-field action
withf (X) = Xf (X). However, it only contains derivative of the scalar field, and so we need to go further to get more general models. To do this, let us note that adding to the action (7) the potential term
and subsequent elimination of the auxiliary F field yields
We note that the second term is not potential-like in general; indeed, it is not a function of φ alone. Thus the action of the form
admits the supersymmetric extension only either for h(φ) = 0 or forf (X) = X. The second case leads to the standard situation, in which f (X) = 1, and this exactly reproduces the bosonic sector of (6), as expected. Returning to the action (15) , it is interesting to see that the corresponding equation of motion has the form
Within this paper we will mostly deal with solutions dependent on only one spatial coordinate, say x ≡ x 1 . So, for static solutions we can write
where X = φ ′2 for static solutions. The energy density ρ(x) = T 0 0 is
The equation of motion can be integrated to give
Topological solutions usually appear for C = 0, as one can see from Ref. [7] . In this case we have
which naturally leads to the Bogomol'nyi bound. To see this, we use the eq. (19) to write the energy as
Thus, the energy is minimized to the value E = |h(φ(∞)) − h(φ(−∞))| for solutions which solve the first-order equations (22). Another interesting feature of the solutions of the first-order equations (22) is that they make the two terms in the energy density in (19) to contribute evenly, allowing the energy density to be written as
As one knows, the above are general features of the BPS states [2] , that is, of the solutions that solve first-order differential equations.
To illustrate the general situation, let us choose f (X) as the function f (X) = |X| n−1 . In this case, the equation (20) becomes
which is an algebraic equation in φ ′ . For C = 0, it reduces to
and the energy density (19) has now the form ρ(x) = h 2n 2n−1 φ . Here we take n = 2 and as a first example, we consider the function
The first order equations reduce to φ ′ = ±(1−φ 2 ), which can be solved by φ(x) = ± tanh(x).
The energy density is ρ(x) = sech 8 (x) and the total energy is E = 32/35. This is an example where the solution has the standard kink-like profile. See, e. g., Refs. [7, 11] for more details on kinks in the presence of generalized dynamics. Another example is given by
Here the first-order equations reduce to φ ′ = ±(1 − φ 2 ) 1/2 . The solutions are
The energy density is
and the total energy is E = 3π/8. This example is different, and all the solutions are compactons. This kind of solutions are growing in importance, in particular, in the study of pattern formation, since patterns usually appear in nature with finite extent, see, e.g., Refs. [8, [10] [11] [12] [13] for more details on compactons. It is interesting to see that compactons also appear in the supersymmetric context, so they are not incompatible with supersymmetry. The next step is to derive the fermion dependent part of the complete action composed by the sum of (7) and (14) . We get
Eliminating the auxiliary field from the action being the sum of (10) and (31) we find
We can substitute this expression to the complete action and derive the equation of motion for the spinor field. This equation is highly nonlinear, but, if we choose the ansatz ψ α = C α χ(x) for the spinor field, with C α as a Grassmannian constant, the nonlinear terms in ψ α (or, as is the same, in C α ) would vanish. Therefore we can restrict ourselves to the linearized equation which looks like
For static solutions, the zero mode can be found. In this case, we rewrite the Eq. (33) as
We can apply the equation (22) which yields
We choose γ 1 = σ 1 and
thus
The solution of this equation is A = φ ′ . This result is not a surprise since in a supersymmetric theory the fermionic zero mode would exactly match the bosonic zero mode, and we know that the bosonic zero mode is the derivative of the static solution, a fact that follows from translational invariance of the theory.
We can also search for some other solutions. Unfortunately, even in the linearized case this equation is very complicated, especially due to the fact that while some terms after choice of the ansatz ψ α = C α χ(x) are proportional to C α , other ones are proportional to C β γ m βα . In particular, in the case f (X) = 1 the equation (33) changes to
This is the Dirac equation which can be exactly solved for a diversity of cases. Let us now introduce another theory, described by the following superfield action
First, we will obtain its component structure. Similarly to the previous case, the bosonic sector of this theory can be found to have the form
since terms where derivatives acting on f (∂ m Φ∂ m Φ) or g(Φ) do not contribute to the bosonic sector because they evidently depend on fermions. Thus, we arrive at the following bosonic action
The equations of motion for the auxiliary field F again yield F = 0; thus, we arrive at the following action
or
which for a special choice of f (X) can yield Born-Infeld-like action. The fermion dependent part of the action S 2 can be found to be equal to
We eliminate the auxiliary field F via its equations of motion obtained for the complete action S
being the sum of (44) and (41):
It remains to substitute (45) to the complete action. We get it in the form
First, we can derive the equations of motion for the scalar field in the case of zero spinors. We get
It is clear that the case φ = const (and hence X = 0) is a possible solution of this equation. Another static solution is φ(x) = k n x n , which corresponds to X = k 2 . Definingf (X) = X f (X) we getf (X) − 2Xf X (X) = 0.
We can also takef (X) = (1 + 2X) a ,
where a is a positive parameter. In this case, we get to 
Now, for a > 1/2, we can write φ = x 2(2a − 1) .
More details about this kind of solutions can be found in Ref. [7] . In summary, we have used the superfield formalism to obtain supersymmetric models engendering generalized dynamics. In particular, we have shown how to get to models which naturally lead to BPS states with their standard features, and how to find kinks and compactons in the presence of generalized dynamics. Even though we are considering much more complicated models, supersymmetry, once again, guide us toward the construction of generalized models where the calculations can be done analytically, in a simplified environment.
The present results may be used to further explore the nature of the spacetime in the presence of compact and non-compact backgrounds, following the lines of [5, 9, 11, 14] . Further investigations are under consideration, in particular, on the search for other generalized models in flat spacetime, and on issues of direct interest to cosmology and braneworld.
